COEFFICIENT INEQUALITIES FOR CONCAVE AND 
MEROMORPHICALLY STARLIKE UNIVALENT 

FUNCTIONS 

B. BHOWMIK AND S. PONNUSAMY 

Abstract. Let B denote the open unit disk and / : D — > C be mero- 
morphic and univalent in D with the simple pole at p € (0,1) and satis- 
fying the standard normalization /(O) = /'(O) — 1 = 0. Also, let / have 
the expansion 

oo 

/(z) = ^ a„(z-p)", \z-p\<l-p, 

n=-l 

such that / maps D onto a domain whose complement with respect to 
C is a convex set (starlike set with respect to a point wq G C,wo 
resp.). We call these functions as concave (meromorphically star like 
resp.) univalent functions and denote this class by Co{p) (S''(p, wg) 
resp.). We prove some coefficient estimates for functions in the classes 
where the sharpness of these estimates is also achieved. 



1. Introduction 

One of the most interesting questions in the theory of univalent functions 
is to address the region of variabihty of the n-th Taylor (Laurent resp.) coef- 
ficient for functions / that are analytic (meromorphic resp.) and univalent 
in the unit disk D={z: |z|<l}. The leading example is the Bieber- 
bach conjecture settled by de Branges in 1985 for the class S of normalized 
analytic univalent functions / in D although corresponding results for im- 
portant subclasses of S are relatively easy and were settled positively much 
earlier. In this paper, we consider the family Co{p) of functions / : D — t- C 
that satisfy the following conditions: 

(i) / is meromorphic in © and has a simple pole at the point p G (0, 1) 
with the standard normalization /(O) = /'(O) — 1 = 0. 
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(ii) / maps D conformally onto a set whose complement with respect to 
C is convex. 

Each / G Co{p) has the power series expansion of the form 

oo 

(1.1) f{z) = z + J2Mf)^\ kl<p- 

n=2 

For our investigation, we consider the Laurent expansion of / G Co{p) about 
the pole z = p: 



1.2) fiz)= Y,cin{z-p)\ zeA 



pi 

n=-l 



where Ap = {2GC: \z — p\ < 1 — p}. Motivated by the works of 
Pfaltzgraff and Pinchuk [8], Miller [7], and Livingston [6], the class Co{p) 
has been investigated recently in IHIIl 121 |3l [10] . A necessary and sufficient 
condition for a function / to be in Co{p) ([6]) is that Re 0(2;, /) > for all 
2; G D, where 

Livingston |6] determined some estimates regarding the real part of An{f) 
for n = 2,3 when / G Co{p) has the expansion (11.11) . In the same article 
he conjectured an estimate for the real part of the general coefficient An{f ) 
(n > 2) for / G Co{p). After a long gap of ten years, positive develop- 
ments have occurred in this line of work. For example, the recent work of 
Avkhadiev and Wirths [4j settles the conjecture of Avkhadiev, Pommerenke 
and Wirths [1] which, in particular, provides a proof of the Livingston con- 
jecture. For a ready reference, we now recall it here. 

Theorem A. [1] Let n > 2 and p G (0, 1). For each f G Co{p) with the 
expansion (1.1) the inequality 



(1.3) 



Anif) 



1 — p 



,2n+2 



< 



p^(l -/"+^) 



is valid. Equality in (11.31) is attained if and only if f is one of the functions 
fg, 9 G [0,27r), where 

z-j^{l + e'')z^ 
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For each complex number in the disk described in f ll.Sp there exists a function 
f G Co{p) such that this number occurs as the n-th Taylor coefficient of f. 



Interestingly, Wirths [TO] established the following representation formula 
for functions in Co{p). 

Theorem B. [10] For each f G Co{p), there exists a function u holomorphic 
in D such that a;(D) C D and 



1.5) 



z G 



The above representation formula has been used by the authors in [5] 
to obtain some other kind of coefficient estimates for functions in the class 
Co{p) with the Laurent expansion of the form (II ■21) . 

In the present article, we first obtain certain coefficient estimates for func- 
tions in Co{p) but this time for the expansion of the form (11 ■2p . Next we 
move on to discuss a related class of meromorphically starlike functions, 
namely, the class T,'^{p,Wo and obtain a simple and easily applicable repre- 
sentation formula for this class. Using this formula, we also obtain some 
sharp coefficient estimates for functions in this class. As a consequence of 
our investigation, we rectify a mistake that appeared in the work of Liv- 
ingston in [6! Theorem 9]. 

Now, we state our first result. 

Theorem 1.1. Let p G (0, ^~^ ] and f G Co{p) have the expansion ( I i . ^ . 
Then 



1.6) 



p-{l-p ) 

a-1 



< 



p 



I.e. 



a_i 



1-p^ 



p 



-Oq 



< 1. 



The inequality is sharp. 



Remark. In Wirths has obtained the region of variability for a_i(/), 
namely, the inequality 



p^ 

1 



< 



p 

l^p4 



for < p < 1. 
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In [5], the domain of variability of ao(/) is determined by the inequahty 



(1 -p^)ao l-p^ 



P 



+ 



1 



< 



for p e (0,73-1]. 



1 

Equahty in each of the above two inequahties is attained if and only if / is 
one of the functions given in (11.41) . □ 

Next result presents sharp coefficient estimates for all n > 3 if / G Co{p) 
has the expansion (11.20 . 

Theorem 1.2. If f & Co{p) with p G (0,1) and has the expansion (I i . ^ . 
then we have for (n > 3) 



Cln-2 — 



(1 - j9^)a„_i 



P 



;i-7) 



< 



p 



;i_p4)(l_p)n-l 



1 - 



1-p^ 
~~P^ 



4\ 2 



p 



1-p^ 



The equality holds in the above inequality for the functions (0 < < 27r) 
of the form ( | i.^P . 



2. Proofs of Theorems 11.11 and 11.21 



2.1. Proof of Theorem O- Let / G Co{p). Then, by Theorem B, 
there exists a function u holomorphic in D such that u;(D) C © satisfying 
the representation formula (11.51) . 

Now, let / G Co{p) have the Laurent expansion (11.21) and let u have the 
Taylor expansion 

oo 

(2.2) u{z) = J2cn{z-p)'', zeAp. 

n=0 

Using these two expansions, the series formulation of (ll.Sp takes the form 

(1 2\ °° 

(z-p)-^^] J2 <^n{z-pr 
P / n=-l 

= p+{z-p)--^-^ (^^ + f2cn{z-p)''^ {{Z - pf + 2p{z - p) + p^) . 
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Comparing the coefficient of {z — p) on both sides of f l2.3p . we see that 

(2.4) a_i «o = ^ — ——r[2cQ + pci). 

p 1 + p'' 1 + 

Using the classical Schwarz-Pick lemma, it follows that 



W{p)\ < — i-e. |ci| < 



1 — ' 1 — 

In view of this observation, we have the estimate 

\2co + pci\ < 5 . 

I — 

For convenience, we set x = \cq\ and consider 

Rp{x) = p{l - x^) + 2(1 - p'^)x. 
We see that Rp{x) attains local maximum at Xm = Since > 1 for 



p G (O, ^ 



we see that 



\R,{x)\<Rp{l)=2{l-p') ,a;e[0,l], p e (^,^^^^ 

and therefore, we have the estimate |2co +pci| < 2 for those p in the said 
interval. Now using this we get from (12. 4 p the estimate (II. 6p . It is a simple 
exercise to see that the equality is attained in (II. 6p for the following function 

—zp 
{z-p){l - zp)' 

□ 



2.5. Proof of Theorem 11.21 . Let / G Co{p), with the expansion 
(II. 2p . Next, following the notation of the proof of Theorem II. H we compare 
the coefficients of {z — p)" (n > 3) on both side of the equation (12. 3p . This 
gives 

an-2 - —CLn-l = ^ J Cn-2 + 2pC„_i + p^C„) {u > 3). 

p 1 + p^ 

Now, for a unimodular bounded analytic function u in the unit disk D 
having the expansion (12. 2 p in Ap, we recall the following result due to 
Ruscheweyh [9|, Theorem 2] 

(l-p)"(l+p)|c„| < 1- |co|' (n>l) 
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where the equahty holds for uj{z) = e^^,9 G [0,27r). Using this, we easily 
obtain that 



P 



< 



{n > 3). 



Consequently, fll.7p follows since 



1 - / 1 

Co = i— a-i + ^, 

by comparing the constant terms on both sides of (12. 3p . Now, the equality 
holds in f ll.7p for the functions fe, 6 G [0,27r), in (11 .4^ . since both sides of 
the inequality are zero. □ 



3. Meromorphically starlike functions 

Let Wo) denote the class of meromorphic and univalent functions 
/ in D (with the standard normalization /(O) = /'(O) — 1 = 0) having a 
simple pole at p G (0, 1) with the expansion (II. 2p such that / is starlike 
with respect to a fixed G C,Wo 7^ (i.e. C\/(D) is a starlike set with 
respect to wq). A well-known fact is that [6] / G S'*(p, wq) if and only if 
Re?/' (2;, /) > for all z G D, where 

(3.1) .^(,J) = Z^Z^I}0_ZlIim, ,,D. 

j[z) - Wo 

We now state and prove a useful representation formula for functions in 
the class E*(p, wq). 

Theorem 3.1. For < p < 1, let f E T,^{p,Wq). Then there exists a 
function uj holomorphic in D such that u;(D) C D, a;(0) = + ~) 

and 

{z-p)[\ - zp) 

Proof. The proof of this theorem is indeed a direct consequence of [T2l 
Corollary 2] in which they use the notation cr*(p, Wq) in place of S*(p, Wq). 
By this corollary we get if / G T,^{p,Wo), then 



pwo I 



<\z\, zeB. 
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Now writing 



z y pwo J z 



and simplifying the above expression for / we get the desired represen- 
tation formula for functions in the class E*(p, wq). Here we note that 
u is holomorphic in D and |ci;(-2)| < 1. Also since /'(O) = 1 we get 

^(o) = -KiT+p+^)- n 



As a consequence of Theorem 13.11 we have the following result which has 
been proved in [11] but by using a different method of proof. 

Corollary 3.1. For < p < 1, let f E wq). Then, we have 



(3.3) 

In particular, one has 



Wo + 



p{l +p'^ 



1-p 



2\2 



< 



2p^ 



2\2 ■ 



P 



.1 -p 



p 

{i-py 



Proof. As I w (0)1 < 1 and w(0) 



1 



— + p + -), it follows that 



Wo p 



< 2 



which is easily seen to be equivalent to the inequality (13. 3p . The second 
inequality is a simple consequence of (13. 3p . □ 



Theorem 3.2. Let f G T,^{p,Wo) have the Laurent expansion (I i . . Then 



(i) 



pwo 



< 



p\Wo\ 



I wo 



+ p2 + 1| + 2p2 



I wo 



+ p2 + i| + 



I — p'2 

pe (0,1) 

1 — p'^ + p'^ 

ao 



l-p2 2+1^+^2 + 11 



2+ |JL+p2 + l| 



+ 2 



-Wo 



< 



p{2 + 2p — p^ 



(1 -p2)2 

Both inequalities are sharp for 
—zp 



P 



,2^2 



\wo\ ,pe(o,^ 



[z-p){l-pz) 



Wo + 



PWo 



{z-p){l-pz) 



[1-zf EJ:'ip,Wo) 



8 B. Bhowmik and S. Ponnusamy 

Proof. Let / G T,'^{p,wo) have the Laurent expansion flL2l) and consider the 
Taylor expansion for uj: 



z e Ap. 



n=0 



Now substituting (11. 2p and (12 ■2p in the representation formula (13. 2p we get 
the following series formulation of (13 .2^ valid in Ap: 



J2 an{z-pY- 



n=-l 



(3.4) 



I— P' 



n>0 



p 



{z-p) 



n-1 



l + {{z-pf+p^ + 2p{z-p)}Y, 5^CfcC„,-J (2;-p)" 



n>0 \k=0 



+{2p + 2{z-p)}Y,Cn{z-py 



n>0 



While obtaining the above series form, we make use of the following relation 



[z-p){l-pz) = {1-p ){z-p) [1 



p 



[z-p) 



I — p'2 

{l + zuj{z)f = l + 2{z-p + p)w{z) + {{z-pf + 2p{z-p)+p'^)w{z)w{z). 

Now, we proceed to prove (i). Comparing the coefficients of l/{z — p) on 
both sides of (13. 4p we get 

a-1 = ^ 1 +P Cq + 2pco\. 

I — 

Finally, Schwarz Pick lemma applied to u shows that 

Ho)\+p 



Co 



\^ip)\ < 



l+p|a;(0)r 



where 



1^(0)1 



1 1 

— +P+- 

Wo p 



Using this, we now get the desired estimate for a_i. It is also easy to check 
that the estimate stated in (i) is sharp for the function mentioned in the 
statement of the theorem. 
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(ii) Comparing constant terms on both sides of (13. 4p we get 



ao - Wo 



(1 -p2)2 
or equivalently, 



'1+P Cq + 2pCo) + ^{p CqCi +P Cq+PCi+ Co) 



1-p' 



1 — p"^ +p'^ 
7^ Wo 



p^Wo 



2 2,9 2 ,22 

l_p2)2 (l_p2)2V^C0 + ^PC0j+^_^2 



(p^CoCi+p^Cg+pCi+Co). 



Now, we recall the well known estimates from the classical Schwarz Pick 
lemma: 



|co| < 1, |ci| < 



|co| 



For convenience, we use the notation x = \cq\. Using the above estimates, 
it is easy to see that the last equality implies that 



ao - 



1 _ p2 _^ p4 



-Wo 



< 



p\Wo\ 



;{2p + 2x + 2p^x - 2p^x-^ - p*x^). 



(1 -p2)2 

Next, we introduce 

(5p(x) = 2p + 2x + 2p^x - 2p^x^ - p^x^, < X < 1. 
It follows that Qy attains local maximum at 

Xm = i-p' + v/p" + 12(l+p2))/(6p). 



Since > 1 for p G ( 0, ^^-^ 



, we have 



max{gp(x) : xE[0,1]} = = 2 + 2p - p\ 

This proves the inequality (ii) and the sharpness part can easily be verified 
for the function given in the statement of the theorem. □ 



Remark. It is a simple exercise to see that 



(3.5) 

is equivalent to 



■^+p' + l 



+ 2p^ 



2 + 



— +p^ + l 

Wo 



< p 



<p, i.e. |u;(0)|<l. 
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Thus, (13 -Sp holds. If we use the inequahty (13. 5p then the inequahty (i) in 
Theorem 13.21 turns out to be 

^2 



a_i — 



pwo 



1 — 



< 



1 — p- 



■{p + 2)\wo\, pe{0,l). 



Applying the triangle inequality in the above inequality and the inequality 
(ii) in Theorem 13.21 we get 

p{l+p). 



(3.6) 
and 



|«o| < 



1 — p 



\wo\ 



\wo\, pG(0, 1) 



pe \ o. 



respectively. Both the above estimates are sharp for the function stated in 
Theorem 13.21 □ 



In view of the estimate (13. 6p we observe that there was a minor error 
in one of the results of Livingston, namely Theorem 9 in [6]. Indeed a 
counterexample is given by the function 



Here we note that 



-zp 



[z-p){l-pz) 



a-i{g) 



-p^ 



-p 



1+p^ 



does not belong to the disk stated in Theorem 9 of [6] . Moreover, the error 
is actually occurred in [6l p. 290] where the inequality in the 6th line needs 
to be reversed, since ^ — p < 0. We may now formulate a corrected version 
of [6l Theorem 9] for future use. 



Theorem 3.3. /// G Ti'^{p,Wo) and has the Laurent expansion (I i . ^ . then 
we have 

\a-i\ > — — \wo\. 

l + p 

The inequality is sharp for the function 

—zp pwo 



{z-p){l-pz) 
where Wq = (jEfp- 



Wq + 



[z-p){l-pz) 



[1-zf eJ:'{p,Wo) 
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Here we also note that 

Re I = _(i _^)2Re ( l±l] < 



1 



for all 2; G ro and g satisfies the normalization condition g{0) = = g'{0) — 1 
whenever wq = j^^- 



Remark. In view of the last theorem, the corollary that follows from Theo- 
rem 9 in [6] is also not true since it uses the incorrect estimate for |a_i|. □ 
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